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Abstract. This paper presents the current status on modularity of 
Calabi-Yau varieties since the last update in 2003. We will focus on 
Calabi-Yau varieties of dimension at most three. Here modularity refers 
to at least two different types: arithmetic modularity and geometric 
modularity. These will include: (1) the modularity (automorphy) of 
Galois representations of Calabi-Yau varieties (or motives) defined over 
Q or number fields, (2) the modularity of solutions of Picard-Fuchs dif- 
ferential equations of families of Calabi-Yau varieties, and mirror maps 
(mirror moonshine), (3) the modularity of generating functions of in- 
variants counting certain quantities on Calabi-Yau varieties, and (4) 
the modularity of moduli for families of Calabi-Yau varieties. The topic 
(4) is commonly known as geometric modularity. 

Discussions in this paper are centered around arithmetic modular- 
ity, namely on (1), and (2), with a brief excursion to (3). 



Introduction 

These are notes of my introductory lectures at the Fields workshop on "Arith- 
metic and Geometry of K3 surfaces and Calabi-Yau threefolds" , at the Fields In- 
stitute from August 16 to August 25, 2011. My goal is two-fold: 

• Present an update on the recent developments on the various kinds of modu- 
larity associated to Calabi-Yau varieties. Here "recent" developments means 
various developments since my article |65j published in 2003. 

• Formulate conjectures and identify future problems on modularity and re- 
lated topics. 
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My hope is to motivate young (as well as mature) researchers to work in this 
fascinating area at the interface of arithmetic, geometry and physics around Calabi- 
Yau varieties. 

0.1 Brief history since 2003. The results and discoveries in the last ten 
years on Calabi-Yau varieties, which will be touched upon in my lectures, are 
listed below. 

• The modularity of the 2-dimensional Galois representations associated to 
Calabi-Yau varieties defined over Q. 

• The modularity of highly reducible Galois representations associated to 
Calabi-Yau threefolds over Q. 

• The automorphy of higher dimensional Galois representations arising from 
CM type Calabi -Yau varieties (automorphic induction). 

• Appearance of various types of modular forms in Mirror Symmetry as gen- 
erating functions counting some mathematical/physical quantities. 

• Modularity of families of Calabi-Yau varieties (solutions of Picard-Fuchs 
differential equations, monodromy groups, mirror maps). 

• Moduli spaces of Calabi-Yau families, and higher dimensional modular forms 
(e.g., Siegel modular forms). 

0.2 Plan of lectures. Obviously, due to time constraints, I will not be able 
to cover all these topics in my two introductory lectures. Thus, for my lectures, 
I plan to focus on recent results on the first three (somewhat intertwined) items 
listed above, and with possibly very brief interludes to the rest if time permits; 

This article includes my two lectures delivered at the workshop, as well as 
some subjects/topics which I was not able to cover in my lectures. However, I must 
emphasize that this note will not touch upon geometric modularity. 

0.3 Disclaimer. Here I will make the disclaimer that the topics listed above 

are by no means exhaustive; it may be the case that I forget to mention some 
results, or not give proper attributions. I apologize for these oversights. 

0.4 Calabi Yau varieties: Definition. 

Definition 0.1 Let X be a smooth projective variety of dimension d defined 
over C. We say that X is a Calabi-Yau variety if 

• W{X, Ox) = for every i,0<i<d. 

• The canonical bundle Kx is trivial. 
We introduce the Hodge numbers of X: 

h''^{X) ;= dimcH^X,n'x), < i,j < d. 

Then we may characterize a Calabi-Yau variety of dimension d in terms of its 
Hodge numbers. 

A smooth projective variety X of dimension d over C is called a Calabi-Yau 
variety if 

• /i''°(X) = for every i,0<i<d. 

• Kx — Ox, so that the geometric genus of X, 

Pg{X) := h°''^{X) = dimcH°{X,Kx) = dimcH°{X,Ox) = 1- 
Numerical characters of Calabi-Yau varieties of dimension d 
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• Betti numbers: For i, < i < 2d, the i-th Betti number of X is defined by 

Bi{X) := dimcH'{X,C). 
There is Poincare duahty for H^{X, C); that is, 

W{X, C) X H^'^-\X, C) ^ C for every i,Q<i<d 
is a perfect pairing. This imphes that 

S.(X) = B2d-»(^),for«, 0<^<d 

• Hodge numbers: They are defined in Definition 0.1 above. There is the 
symmetry of Hodge numbers: For < i, j < d, 

h^'^{X) = K''^{X) by complex conjugation, 

and 

h^'^{X) = h'^-'^'^-\X) by Scrrc duality. 

• There is a relation among Betti numbers and Hodge numbers, as a conse- 
quence of the Hodge decomposition: 

Bk{X) = J2 h''^{X). 

i+j—k 

• The Euler characteristic of X is defined by 

2d 

E{X) ■.= Y,{-^?Bk{X). 

Example 0.2 (a) Let d = 1. The first condition is vacuous. The second 
condition says that pg{X) = 1. So dimension 1 Calabi- Yau varieties are elliptic 
curves. The Hodge diamond of elliptic curves is rather simple. 

1 Bo{X) = 1 

1 1 Bi{X)=2 

1 B2iX) = 1 
The Euler characteristic of X is given by 

E{X) = Bo{X) - + B2{X) = 0. 

(b) Let d = 2. The first condition is h^''^{X) = and the second condition says 
that = Pg{X) = 1. So dimension 2 Calabi- Yau varieties are K3 surfaces. 

The Hodge diamond of K3 surfaces is of the form: 



1 


Bo{X) = 1 





Bi{X)=0 


20 1 


B^iX) = 20 





B3{X) = 


1 


B^iX) = 1 



The Euler characteristic of X is given by 

4 

E{X) = 5^(-l)'=Bfc(X) = 1 + 22 + 1 = 24. 

fe=0 

(c) Let d = 3. The first condition says that h^'°{X) = h'^'°{X) = and the 
second condition implies that h'^'^{X) = Pg{X) = 1. The Hodge diamond of X is 
given as follows: 
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h^''^{X) 
1 h^^'^iX) 1 

h^'^X) 


1 



BoiX) = 1 

Si(X) = 

B2{X) = h''HX) 

B:,(X) = 2(1 + h^^\X)) 

Bi{X) = h^'^{X) = h''\X) 

B^{X) = 

Be{X) = 1 



The Euler characteristic is given by 

6 

E{X) = Y,{-^fBk{X) = 2{h''\X) - h''\X)). 



fe=o 



It is not known if there exist absolute constants that bound h^'^{X), h^'^{X), and 
hence The currently known bound for is 960. 

(d) Here are some typical examples of families of Calabi-Yau varieties defined 
by hypersurfaces. 



d 


CY variety of dim d 


CY varieties of dim d 


1 


Xq + Xf + X2 + 


= h{x) 


2 


X^ + XI + X| + X| + 4AX0X1X2X3 


z'^ = h{x,y) 


3 


XI + XI + XI + XI + XI + 5AX0X1X2X3X4 


w'^ = h{x,y,z) 



The equations in the second column are generic polynomials in projective co- 
ordinates; while those in the third column are in affine coordinates and the fi are 
smooth polynomials of degree i in affine coordinates. 

We have a vast source of examples of Calabi-Yau threefolds via toric construc- 
tion and other methods. The upper record for the absolute value of the Euler 
characteristic of all these Calabi Yau threefolds is 960, though there is neither 
reason nor explanation for this phenomenon. 

1 The modularity of Galois representations of Calabi— Yau varieties (or 

motives) over Q. 

Wc now consider smooth projective varieties defined over Q (say, by hyper- 
surfaces, or complete intersections). We say that X/Q is a Calabi-Yau variety of 
dimension d over Q, if X 0q C is a Calabi-Yau variety of dimension d. A Calabi- 
Yau variety X over Q has a model defined over Z[— ] (with some m G N), and 
this allows us to consider its reduction modulo primes. Pick a prime p such that 
{p,m) = 1, and define the reduction of X modulo p, denoted by X mod p. We 
say that p is a good prime if X mod p is smooth over ¥p, otherwise p is bad. For a 
good prime p, let Fr^ denote the Frobenius morphism on X induced from the p-th 
power map x 1-^ x^. 

Let £ he a prime different from p. Then, for each i, < i < 2d, Fip induces an 
endomorphism Fr* on the i-th £-adic etale cohomology group Hlf.{Xp,Qi), where 
Xp := X (g)]Fp ¥p. Grothendieck's specialization theorem gives an isomorphism 
Hit{Xp,Qe) = Hif{X,Qe), where X := X Oq Q. Then the comparison theorem 
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gives HitiX, Qi)(g>Q, C ^ HHX(g>QC, C) so that dimQ, Hi^{X,qe) = Bi{X). There 
is Poincare duality for Hlf.{X, Q^), that is, 

H'UX, Qe) X H^t\X, Qe) ^ Qe for every i,0<i<2d 
is a perfect pairing. Let 

P;iT) :=det(l-Fr;r|ff:,(X,Q,)) 

be the reciprocal characteristic polynomial of Fr*. (Here T is an indeterminate.) 
Then the Weil Conjecture (Theorem) asserts that 

• P;(r) e 1 + TZ[T]. Aloreover, P^(T) does not depend on the choice of t 

• P^{T) has degree B^{X). 

• Pp''-'{T) = ±P^{p'^-iT) for every i, < i < d. 

• If we write 

Bi 

P;{T) = l[{l-aijT)eQ[T] 

i=i 

then are algebraic integers with \aij \ = p*/^ for every i, < i < 2d. 

Now we will bring in the absolute Galois group Gq := Gal(Q/Q). There is a 
continuous system of £-adic Galois representations 



Px,e '■ GL{Hl^{X, 

sending the (geometric) Frobenius Fr~^ to p'(Pr~^). The (geometric) Probenius 

p*(Fr~"'^) has the same action as the Frobenius morphism Fr* on the ctalc coho- 
mology Hl^{Z,Qi). We define its i-series L{px^i,s) := L{Hl^{X,Qi), s) for each 
i, < i < 2d, where s is a complex variable. 
We will now define the L-series of X. 

Definition 1.1 The i-th (cohomological) L-series of X is defined by the Euler 
product 

Li{X,s) :=L{Hi,{X,qe),s) 
'■— (*) n ^p(P~'^)~^ ^ (factor corresponding to £ = p) 

where the product is taken over all good primes different from i and (*) corresponds 
to factors of bad primes. For i=p,we may choose another good prime i ^ p,oi we 
can use some p-adic cohomology (e.g., crystalline cohomology) to define the factor. 

For i = d, we write simply L{X, s) for L^^X, s) if there is no danger of ambi- 
guity. 

Remark 1.2 We may define (for a good prime p) the zeta-function C,{Xp,T), 
of a Calabi Yau variety Xp defined over Fp by counting the number of rational 
points on all extensions of F^: 

C{Xp,T) := exp (^g #M^T" j e 

Then by Weil's conjecture, it has the form: 



Pi{T)P^{T)---P2d-i{T) 
U f ) Po{T)P2{T)---P24T) ' 
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where we put (to ease the notation) Pi{T) = Pp{T) for i = 1, . . . , 2rf. 

Let X be a Calabi-Yau variety of dimension d defined over Q. For a good 
prime p, Frp acts on X mod p, and it will induce a morphism Pr* on Hl^(Xp, Q^) ~ 
i?*t(X,Q^). Define the trace U{p) by 

U{p) Trace(Fr; | Hl^{X, Qe)), for i,0<i<2d. 

Then ti{p) S Z for every i, < i < 2d. The Lefschetz fixed point formula gives a 
relation between the number of Fp-rational points on X and traces: 

2d 

#x{¥p) = j2i-mi{p)- 

i=0 

Exeimple 1.3 (a) Let d = 1 and let E be an elliptic curve defined over Q. For 
a good prime p, 

2 

#E{¥p) = Y.^-iyu{p) = to{p) - hip) + t2{p) = l+p- hip), 



i=0 



where 



\h{p)\<2p^/^. 

Then we have 

P0(T) = 1 - T, P^{T) = l-pT, P^{T) = 1 - U{p)T + pT\ 
The L-series of E is then given by 

p:good 



p:good 

Expanding out, we may write 

a(n) 
n 



L{E, s) = ^ with ai = 1 and a{n) e Z. 

n=l " 

So 

a(p) = for every good prime p. 

(b) Let d = 2, and let X be a K3 surface defined over Q. Let NS{X) denote 
the Neron-Severi group of X generated by algebraic cycles. It is a free finitely 
generated abelian group, and 

NS{X) = H'^{X,Z)nH'^'\X) 

so that the rank of NS{X) (called the Picard number of X), denoted by p{X), 
is bounded above by 20. Let T{X) be the orthogonal complement of NS{X) in 
H'^{X,Z) with respect to the intersection pairing. We call T{X) the group of 
transcendental cycles of X. We have the decomposition 

H\X, Z)®Qe = {NS{X) Q^) e (T(X) Q^). 

and this will enable us decompose the i-series of X as follows: 

L{X, s) = L{Hl{X, Qe), s) = L{NS{X) Q^, s) x L{T{X) Q^, s). 



Modularity of Calabi— Yau varieties: 2011 and beyond 



7 



We know that for a good prime p, 

P°(T) = 1 - T, P4(r) = 1 - p^T, P^iT) - P^{T) = 1 

and if 

22 

P^{T) = l[{l-a,T)eQ[T] 

i=i 

then 

=P- 

The i-series of NS{X) is more or less miderstood by Tate's conjecture. The 
vahdity of the Tate conjecture for K3 surfaces in characteristic zero has been estab- 
hshed (see Tate [5^). In fact, if we know that ah the algebraic cycles generating 
NS{X) are defined over some finite extension IK of Q of degree r, then p'^(FTpr) 
acts on NS{X) (E) Qe by multiplication by so that the L-series may be expressed 
as 

L{NS{X^) ^ Qe, s) = Ck(s - l)''*^) 

where Ck(s) denotes the Dedekind zeta- function of K. 

Therefore, the remaining task is to determine the L-series L{T{X) (g) Q^,s) 
arising from the transcendental cycles T{X), and we call this the motivic L-series 
of X. 

(c) Let d — i, and let X be a Calabi- Yau threefold defined over Q. For a good 
prime p. 



#x(Fp) = Y,{-i)%{p) = toip) ~ hip) + hip) - hip) + hip) - hip) + hip) 

i=0 

= l+/ + (l+p)i2(p)-t3(p). 

hip) = 1 + / + ii+p)hip) - #^(Fp). 



Therefore, 
We have 



and 



Hence 



hip) = 1, hip)^p\ hip) = hip) = 0, 

\hip)\ < ph''\X), hip) ^ Phip), 
\hip)\ < Bsp'/\ 

PpiT) = 1 - T, P^iT) = 1 -/T, Ppi(r) = P^iT) = 1, 

p4(r)=P|(pT) and P^iT)€Z[T] with degree B3(X). 
Then the L-series of X is given by 

LiX,s)^LiH^,,iX,Q,),s)^i*) n Ppip-T' 

p good 

where (*) is the factor corresponding to bad primes. 



8 



Noriko YUI 



We will now make a definition of what it means for a Calabi-Yau variety X 
defined over Q to be modular (or automorphic). This is a concrete realization of 
the conjectures known as the Langlands Philosophy. 

In the Appendix, we will briefly recall the definitions of various types of modular 
forms. 

Now we will recall the Fontaine-Mazur conjectures, or rather some variant 
concentrated on Calabi-Yau varieties over Q. 

Definition 1.4 Let X be a Calabi-Yau variety of dimension d < 3 defined 
over Q. Let L{X, s) be its L-series. We say that X is modular if there is a set of 
modular forms (or automorphic forms) such that L{X^ s) coincides with the L-series 
associated to modular forms (automorphic forms), up to a finite number of Euler 
factors. 

Remark 1.5 In fact, when the Galois representation arising from X is re- 
ducible, then we will consider its irreducible factors and match their i-series with 
the L-series of modular forms. This is the so-called motivic modularity. 

Now we define Calabi-Yau varieties X of CM- type. This involves a polarized 
rational Hodge structure h on the primitive cohomology H^j.-^^{X,Q), where d = 
dim{X). 

Let S :— Rc/^Gm be the real algebraic group obtained from Gm by restriction 
of scalars from C to M. For d = 1, H^^^^^{X, Q) = H^{X, Q), and polarized rational 
Hodge structures on X are simple. For d = 2, The Hodge group of a polarized 
rational Hodge structure h : S ^ GL{Hpj.^^^{X,<Q) ® R) is the smallest algebraic 
group of GL{H^^^^{X,Q) <Si R) defined over Q such that the real points Hdg(R) 
contain h{U'^) where := { z G C* \ zl = 1}. For details about Hodge groups, see 
Deligne [10], and Zarhin [6^. For d = 3, the Hodge structure on Hpj.i^^{X,Q) — 
H^{X,Q) is not simple for all Calabi-Yau threefolds X. (For instance, for the 
quintic threefold in the Dwork pencil, the Hodge structure would split into 4- 
dimensional Hodge substructures, using the action of the (Z/5Z)^.) 

Definition 1.6 A Calabi-Yau variety X of dimension d < 3 is said to be of 
CM type if the Hodge group Hdg(X) associated to a rational Hodge structure of 
weight k of Hpj.^^^{X,Q) is commutative. That is, the Hodge group Hdg(A')c is 
isomorphic to a copy of Gm — C*. 

Hodge groups are very hard to compute in practice. Here are algebraic charac- 
terizations of CM type Calabi-Yau varieties of dimension d. 

Proposition 1.7 • d = 1. An elliptic curve E over Q is of CM type if and 
only z/End(_B) is an imaginary quadratic field over Q. 

• d = 2. A K3 surface X over Q is of CM type i/ EndHdg(T(A:)) ®<[^is a CM 
field over Q of degree equal to rankT(Ar). 

• d — i. Let X be a Calabi-Yau threefold over Q. A Calabi-Yau threefold X 
over Q is of CM type if and only i/EndHdg(Ar) (g) Q is a CM field over Q of degree 
2(1 -|- ft,^'^(A')), if and only if the Weil and Griffiths intermediate Jacobians of X 
are of CM type. 

For d = 1, this is a classical result. For d = 2, a best reference might be Zarhin 
and for d = 3, sec Borcea [3]. 
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Later we will construct Calabi- Yau varieties of dimension 2 and 3 which are of 
CM type. 



2.1 Two-dimensional Galois representations arising from Calabi Yau 
varieties over Q. We will focus on 2-diniensional Galois representations arising 
from Calabi- Yau varieties over Q. 

First, for dimension 1 Calabi- Yau varieties over Q, we have the celebrated 
theorem of Wiles et al. 

Theorem 2.1 (d = 1) Every elliptic curve E defined over Q is modular. More 
concretely, let E he an elliptic curve over Q with conductor N . Then there exists 
a Hecke eigen newform f of weight 2 = 1 + d on the congruence subgroup Tq{N) 
such that 



That is, if we write f{q) = X]m=i with q — e^'^*^ and normalized by 
a/(l) = 1, then a{n) — af{n) for every n. 

For dimension 2 Calabi- Yau varieties, namely, K3 surfaces, over Q, there are 
naturally associated Galois representations. In particular, for a special class of KB 
surfaces, the associated Galois representations are 2-dimensional. Let X be a K3 
surface defined over Q with Picard number p{Xq) — 20. Such K3 surfaces are called 
singular K3 surfaces. Then the group (or lattice) T{X) of transcendental cycles on 
X is of rank 2, and it gives rise to a 2-dimensional Galois representations. Livne 
[4T] has established the motivic modularity of X, that is, the modularity of T{X). 

Theorem 2.2 (d = 2) Let X be a singular K3 surface defined over Q. Then 
T{X) is modular, that is, there is a modular form f of weight 3 = 1 + d on some 
Ti[N) or Tq{N) with a character e such that 



Remark 2.3 A representation theoretic formulation of the above theorem is 
given as follows. Let tt be the compatible family of 2-dimensional £-adic Galois 
representations associated to T{X) and let L{'k, s) be its L-series. Then there 
exists a unique, up to isomorphism, modular form of weight 3, level=conductor of 

TT, and Dirichlet character — { — ] such that 



Here d = |disc NS{X)\. 

For dimension 3 Calabi- Yau varieties over Q, we will focus on rigid Calabi- 
Yau threefolds. A Calabi- Yau threefold X is said to be rigid if h^'^{X) = so that 
B^{X) — 2. This gives rise to a 2-dimensional Galois representation. 

Theorem 2.4 (d = 3) Every rigid Calabi-Yau threefold X overQ is modular. 
That is, there exists a cusp form f of weight A = I + d on some To(N) such that 



2 Results on modularity of Galois representations 



L{E,s)^L{f,s). 



L{T{X)®Qe,s)^Lif,s). 




L{TT,s)^L{f,s). 



L{X,s)^L{f,s). 
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This theorem has been estabhshed by Gouvea and Yui [26] , and independently 
by Dieulefait IH]). Their proof rehes heavily on the recent results on the modu- 
larity of Serre's conjectures about 2-dimensional residual Galois representations by 
Khare-Wintenberger [31] and Kisin [32) . 

A list of rigid Calabi-Yau threefolds over Q can be found in the monograph of 
Meyer [46] , 

2.2 Modularity of higher dimensional Galois representations arising 
from K3 surfaces over Q. We will first consider K3 surfaces X with T{X) of 
rank > 3. 

The first result is for K3 surfaces with transcendental rank 3. 

Theorem 2.5 Let X he a K3 surface over Q with Picard number 19. Then 
X has a Shioda-Inose structure, that is, X has an involution l such that X/ 1 is 
birational to a Kummer surface Y over C. 

Suppose that the Kummer surface is given by the product E x E of a non-CM 
elhptic curve E over Q. Then the Shioda-Inose structure induces an isomorphism of 
integral Hodge structures on the transcendental lattices, so, X and Km{E x E) have 
the same Q-Hodge structure. In this case, the 2-dimensional Galois representation 
Pe associated to E induces the 3-dimensional Galois representation SyirP' pE on 
T{X) over some number held. Consequently, T{X) is potentially modular in 
the sense that the L-series ofT{X) is determined over some number field K by the 
symmetric square of a modular form g of weight 2 associated to E, and over K , 

L{T{X)(g>Q,,s)=L{Sym\g),s). 

Remark 2.6 In the above theorem, we are not able to obtain the modularity 
results over Q. Since the K3 surface S is defined over Q, the representation on 
T{X) is also defined over Q, but the isomorphism to Sym^p^; may not be. Thus, 
we only have the potential modularity of X. 

Can we say anything about the modularity of K3 surfaces with arbitrary large 
transcendental rank? The Galois representations associated to these K3 surfaces 
have large dimensions. The only result along this line is due to Livne-Schiitt-Yui 

m- 

Consider a K3 surface X with non-symplectic automorphism. Let lux denote 
a holomorphic 2-form on X, fixed once and for all. Then ~ Cutx- Let 

a G AvLt[X). Then a induces a map 

a* : H^'°{X) ^ H'^'°{X) ujx ^ atox , a e C* . 

We say that a* is non-symplectic if a 7^ 1. Let 

Hx := Ker(Aut(X) ^ 0{NS{X)). 

Then Hx is a finite cyclic group, and in fact, can be identified with the group of 
roots of unity pk for some k G N. Assume that det(T(A")) = ±1 (that is, assume 
that T{X) is unimodular.) Then we have the following possibilities for the values 
of fc. 

• fc < 66 (Nikulin [49]) 

• fc is a divisor of 66, 44, 42, 36, 28, 12 (Kondo 
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• If rank(r(X)) = (f){k) (where (f> is the Euler function), then k = 66, 44, 42, 36, 28, 12. 
Furthermore, there is a unique K3 surface X with given k. (Kondo [33]) These re- 
sults were first announced by Vorontsov j62j , and proofs were given later by Nikulin 
[49] and Kondo [33]. 

We tabulate these six K3 surfaces. 



k 


NS{X) 


T{X) 


rank(T(X) 


12 






4 


28 


U ® i^Es) 


® i-Es) 


12 


36 


U ® i-Es) 


® i-Es) 


12 


42 
44 
66 


U®{-Es) 
U 

u 


[/' ® i-Es) 
® i-Esf 
® {-E^f 


12 
20 
20 



Here {—E^) denotes the negative definite even unimodular lattice of rank 8. 
Now we ought to realize these K3 surfaces over Q. Here are explicit equations 
thanks to Kondo f33]. 



k 


X 


a 


12 
28 
36 
42 
44 
66 


y'^ = X"^ +t^{t^ + 1) 

y'^ — X^ + X + 1"^ 
2/2 = - t'^it^ ~ 1) 

J/2 = x^ +t^f - 1) 

J/2 = x^ + a; + 


{x,y,t) ^ {Cux,Ci2y,-t) 

{x,y,t) i-xXlsVXist) 
{x,y,t)^ iClexXsG^yXlet) 
{x,y,t) ^ (C422^, C42?/, Clio 
{x,y,t) (-a;,Cily,C44*) 
{x,y,t) ^ iCiexXleyXlet) 



Here (^k denotes a primitive fc-th root of unity. 

Now the main result of Livne-Schiitt-Yui [Hj is to establish the modularity of 
these K3 surfaces. 

Theorem 2.7 Let X be a K3 surface in the above table. Then for each k, 
the £-adic Galois representation associated to T{X) is irreducible over Q of di- 
mension (j){k). Furthermore, this Gq-Galois representation is induced from a one- 
dimensional Galois representation o/Q(Cfc). 

All these K3 surfaces are of GM type, and are modular (automorphic) . 

Proof • CM type is established by realizing them as Fermat quotients. Since 
Fermat surfaces are known to be of CM type, the result follows. 

• Modularity (or automorphy) of the Galois representation is established by 
using automorphic induction. The restriction of the Galois representation to the 
cyclotomic field Q(/ifc) is given by a one-dimensional Jacobi sum Grossencharakter. 
To get down to Q, we take the Gal(Q(Cfe)/Q)-orbit of the one-dimensional repre- 
sentation. This Galois group has order (/)(fc), and we obtain the irreducible Galois 
representation over Q of dimension 4>{k). 

• Those K3 surfaces corresponding to fc = 44 and 66 are singular, so their 
modularity has already been established by Theorem 2.2. 

Remark 2.8 When T{X) is not unimodular, there are 10 values of k such that 
rankr(X) = (/)(yfc): 

19,17,13,11,7, 25,5,27,9,3 
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Figure 1 Nikulin's pyramid 



All these K3 surfaces are again dominated by Fermat surfaces, and hence they are 
all of CM type. We have also established their modularity (automorphy) . 

In the article of Goto-Livne-Yui [23], more examples of K3 surfaces of CM 
type are constructed. First we recall a classification result of Nikulin 50^. 

Let X be a K3 surface over Q. Let H'^'^{X) = Cwx where we fix a nowhere 
vanishing holomorphic 2-form ljx- Let a be an involution on X such that (j{ujx) — 
~ujx- Let = Vic{XY be the fixed part of Pic(X) by a. Put r = rankPic(X)'^. Let 
T(X)o be the orthogonal complement of Pic(X)'^ in H^{X, Z). Then cr acts by —1 
on T(X)o. Consider the quotient groups (Pic(X)'")*/ Pic(X)'^) and (T(X)5/T(X)o), 
where L* denotes the dual lattice of a lattice L. Since H^(X, Z) is unimodular, the 
quotient abelian groups are canonically isomorphic 

(Pic(X)-)7Pic(X)- ~ {T{X)*/TiX)o. 

Since a acts as 1 on the first quotient; and as —1 on the second quotient, this forces 
these quotient groups to be isomorphic to (Z/2Z)'' for some positive integer a £ Z. 

The intersection pairing on Pic{X) induces a quadratic form q on the discrim- 
inant group with values in Q modulo 2Z; we put 6 — if q has values only in Z, 
and 6 = 1 otherwise. 

Thus, we have a triplet of integers (r, a, S) associated 

to a K3 surface X with the involution a. A theorem of Nikulin [50] asserts that 
a pair (AT, ct) is classified, up to deformation, by a triplet (r, a, ^). 

Theorem 2.9 There are 75 possible triplets (r, a, S) that classify pairs (A, cr) 
of K3 surfaces X with involution a , up to deformation. 

Now we will realize some of these 75 families of K3 surfaces with involution. 
We look for K3 surfaces defined by hypersurfaces. For this we use the famous 95 
families of hypersurfaces in weighted projective 3-spaces determined by M. Reid 
[52] or Yonemura [63^- Let [xq : x\ \ xi: 0:3] denote weighted projective coordinates 
in a weighted projective 3-space with weight (wq, wi, W2, W3). 
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Theorem 2.10 (Goto~Livne-Yui [23] ) Among the 95 families of K3 surfaces, 
all but 9 families of K3 surfaces have an involution a , satisfying the following 
conditions: 

(1) removing several monomials (if necessary) from Yonemura's hypersurface, 
a new defining hypersurface consists of exactly four monomials, i.e., it is of Delsarte 
type, 

(2) the new defining hypersurface is quasi- smooth, and the singularity configu- 
ration should remain the same as the original defining equation of Yonemura, 

(3) the new defining hypersurface contains only one monomial in xo of the form 
Xq, XqXj , + XiX™ or x'^Xk + XixJ^ for some j and k {k ^ j) distinct from i. 

For Ab (resp. 41 j K3 surfaces, a defining equation of four monomials is of the 
form 

xl = f[xi,X2,X3,) C P^(wo, Wl, W2, W3) 

( resp. 

F[xi^,Xi,X2,Xs,) = C f'^{wo,Wi,W2,Wz)) 

where f (resp. F) is a homogeneous polynomial in xi,X2,X3 (resp. xo,xi,X2,X3) 

over Q of degree X]i=o ""^^ • 

(4) For all 86 = 45 + 41 K3 surfaces, there is an algorithm to compute the 
invariants r and a. 

Remark 2.11 There are nine families for which the Theorem is not vahd. The 
three famihes (#15, #53 and #54) do not have the required involution. Another 
different six families (#85, #94, #95) and (#90, #93, #91) cannot not realized as 
quasi-smooth hypersurfaces in four monomials. (We employ the numbering from 
Yonemura [63 .) 

Proposition 2.12 (Nikulin [50]; Voisin [6T]J Let {S,a) be a K3 surface with 
involution a. Let S"^ be the fixed part of S . Then for (r, a, 5) 7^ (10, 10, 0), (10, 8, 0), 
let S'^ — Cg\J Li\J ■ ■ - yj Lk where Cg is a smooth genus g curve and Li, . . . ,Lk are 
rational curves. Then 

r = ll + fc — g, a = II — g — k. 

If {r,a,5) = (10,10,0), then ^ Ci U C2 where C, (i = 1,2) are elliptic 
curves, and if (r, a, S) — (10, 8, 0), then S"^ — 0. 

Proposition 2.13 (Goto-Livne-Yui ^2\) Let {S,o') be one of the 45 pairs in 
the above theorem, which is given as the minimal resolution of a hypersurface Sq : 
Xq — f{xi,X2,X3) C W^{Q) where Q = {wo,wi,W2,W3) and f is a homogeneous 
polynomial of degree Xli=o'"'*' '''(Q) denote the number of exceptional divisors 
in the resolution S ^ Sq. Then r can be computed as follows: 

(i) Suppose wq is odd. Then r ~ r{Q) — +2 if there is an odd weight Wi 7^ Wo 
such that gcdiujQ, Wi) — Wi > 2, and r — r(Q) + 1 otherwise. 

(ii) Suppose wq is even. Then r = r{Q) + 1 — J^'f^ii^i ~ ^){^ ~ 1) where 
di = gcA{wo,Wi). 

Remark 2.14 For non-Borcea type K3 surfaces defined by equations of the 
form x'^Xi = f{xi,X2,xz) for some i £ {1,2,3}, the invariants r and a (or equiva- 
lently, g and k) are also computed. 

Proposition 2.15 (Goto-Livne-Yui ^^) At least the 39 triplets {r,a,S) of 
integers are realized by the 86 families of K3 surfaces. 
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Theorem 2.16 (Goto-Livne-Yui [23] j For the 86 families of K3 surfaces, 
there are subfamilies of K3 surfaces which are of CM type, that is, there is a CM 
point in the moduli space of K3 surfaces. Indeed, at each CM point, the K3 surface 
is realized as a quotient of a Fermat (or Delsarte) surface. Consequently, it is 
modular (automorphic) by automorphic induction. 

Remark 2.17 Nikulin's Theorem 2.9 gives in total 75 triplets of integers 
(r, a, S) that classify the isomorphism classes of pairs {S, a) of K3 surfaces S with 
non-symplectic involution a. With our choice of K3 surfaces of CM type, we can 
realize at least 39 triplets. This is based on our calculations of the invariants r and 
a. Since we have not yet computed the invariant 6 for the 39 cases, this number 
may increase somewhat. 

Remark 2.18 It is known (Borcea [4]) that over C the moduli spaces of 
Nikulin's K3 surfaces are arithmetic quotients of type IV (Shimura varieties). Re- 
cently, Ma has shown the rationality of the moduli spaces for the 67 triplets. 
Our result above gives one explicit CM point in these moduli spaces. CM type 
implies that these families must be isolated points in the moduli space. We are not 
able to show the denseness of CM points, however. 

It is notoriously difficult to compute Hodge groups, and the above theorem 
implies the commutativity of the Hodge group. 

Corollary 2.19 The Hodge groups of these 86 K3 surfaces are all commutative, 
i.e., copies of Gm's over C. 

Proposition 2.20 (Goto-Livne-Yui [23j ) We classify the 86 hypersurfaces into 
four types: 

• 45 families have the form: Xq — /(xi, 2:2, X3) and ij(xq) = —Xq. 

• 33 families cannot be put in the form (1) but defined by a hypersurface of 
the form F{xq,xi,X2,xz) — with 4 monomials, and a can he described 
explicitly. 

• 4 families, after changing term the Xq to x^xi and then removing several 
terms, can be put into the form F(xo,xi,X2,X3) = of four monimials 
equipped with an explicit involution a. 

• The remaining 4 families can be put in the form F{xq, xi,X2, X3) = of four 
monomials equipped with a different kind of involution. 

Example 2.21 (1) Here is one of the 45 cases, #78 in Yonemura's list. The 
weight is (11,6,4, 1), and Yonemura's hypersurface is 

Xq ^ X^X2 ~\~ '^I'^S X\X2 ~\~ •^2*^3 ~^ ^3 ' 

We can remove 2^12^2 ^^^^ ^2^3 the new hypersurface is Xq = X'{x2 + X1X2 + x^ . 
The singularity is of type Ai -\- -\- Ar,. 

(2) Here is one of the second cases, #19 in Yonemura's list. The weight is 
(3,2,2,1) and Yonemura's hypersurface is 

F{xo, Xi,X2,X'i) — X^Xi + x1x2 + X^xl + x\+ x\ + Xg. 

We can remove x^xi or x^X2, x^x\, so the new hypersurface is x^xi -\- x\~\- x\ + x\. 
The singularity is of type AAi + ^2- 
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(3) Here is one of the third cases, #18 in Yonemura's hst. This hypersurface 
Xq + Xi+ X0X2 + X1X2 + X2X3 + x^ acquires an involution if we replace Xq by XqXi 
and remove the terms xqX2 and xiX2- 

(4) The last case is #52 in Yonemura's list. 

(5) #95 in Yonemura's list. This hypersurface has an involution, but cannot 
be realized by a quasi-smooth hypersurface with four monomials. 

2.3 The modularity of higher dimensional Galois representations aris- 
ing from Calabi— Yau threefolds over Q. There are several new examples of 
modular non-rigid Calabi- Yau threefolds X over Q with B3 > 4. These exam- 
ples were constructed after the article Yui|65j. some of which have already been 
discussed in the article of E. Lee f3T . 

There are several approaches (with non-empty intersection) to produce these 
new modular examples: 

(1) Those non-rigid Calabi- Yau threefolds X over Q such that the semi- 
simplification of H^^{X is highly reducible and splits into smaller dimensional 
irreducible Galois representations. For instance, most known cases are when the 
third cohomology group splits into 2-dimensional or 4-dimensional pieces. (Exam- 
ples of E. Lee, Hulek and Verrill, Schiitt, Cynk and Meyer, and a recent example 
of Bini and van Geemen, and Schiitt, and more.) The article of E. Lee [37] gives 
reviews on the modularity of non-rigid Calabi- Yau threefolds over Q, up to 2008. 

(2) Those Calabi- Yau threefolds X over Q such that the the £-adic Galois 
representations arising from H^{X are irreducible and have small dimensions 
(e.g., 4,6, or 8.) (Examples of Livne-Yui, Dieulefeit-Pacetti-Schiitt, and more.) 

(3) Those Calabi- Yau threefolds over Q which are of CM type, thus the Ga- 
lois representations are induced by one-dimensional representations. (Examples of 
Rohde, Garbagnati-van Geemen, Goto-Livne-Yui, and more.) 

(4) Given a Calabi- Yau threefold Y over Q, if we can construct an algebraic 
correspondence defined over Q to some modular Calabi- Yau threefold X over Q, 
the Tate conjecture asserts that their L-series should coincide. This will establish 
the modularity of Y . 

(1): Calabi Yau threefolds in the category (1), i.e, with highly reducible 
Galois representations 

The general strategy is to consider Calabi- Yau threefolds which contain elliptic 
ruled surfaces. This is formulated by Hulek and Verrill [29] . 

Proposition 2.22 (Hulek and Verrill [29]^ Let X be a Calabi-Yau threefold 
over Q. Suppose that X contains birational ruled elliptic surfaces Sj, j — 1, . . . , 6 
over Q and whose cohomology classes span H^'^(X) H^'^{X) (so b = h'^'^{X).) 
Let p be the 2-dimensional Galois representation given by the kernel U from the 
exact sequence 

O^U ^ H^tiX, Qi) ^ ®Het{Sj,Qi) ^ 0. 
Then X is modular, that is, 

b 

L{X,s)=L{f,,s)l[L{gi,s~l) 

where f^ is a weight 4 modular form associated to p and o,fe the weight 2 modular 
forms associated to the base elliptic curves Ej of the birational ruled surfaces Sj . 
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The requirement that the third cohomology group sphts as in the proposition 
is rather restrictive. Several examples of Calabi-Yau threefolds satisfying this con- 
dition are given by Hulek and Verrill [29], E. Lee [36], and Schiitt 56 . They are 
constructed as resolutions of fiber products of semi-stable rational elliptic surfaces 
with section. Another series of examples along this line due to Hulek and Verrill 
[30] are toric Calabi-Yau threefolds associated to the root lattice A4. 

Cynk and Meyer [9] have established the modularity of 17 nonrigid double octic 
Calabi-Yau threefolds over Q with B3 = 6. The Galois representations decompose 
into 2- and 4-dimensional sub-representations such that the i-series of each such 
sub-representation is of the form i(.94, s), L{g2, s — 1) or L{g2 x 33, s), where gk is 
a weight k cusp form. 

Now we will consider another construction due to E. Lee [5S','35' of Calabi-Yau 
threefolds associated to the Horrocks-Mumford vector bundle of rank 2. It is well 
known that Horrocks-Mumford quintics are determinantal quintics. The Schoen 
quintic Q : X]i=o ~ ^ 0^=0 2;^ = is the early example of this type. 

Lee has constructed more Calabi-Yau threefolds. Let y € be a generic point, 
and define the matrices 



and 



/ xoyo 


2^32/2 


xiVi 


2:42/1 


2:22/3 






xiyo 




2:22/4 


2:02/1 


xiyi 


2^42/3 


2:22/0 


2:02/2 


2:32/4 




2^22/1 


2:02/3 


2:32/0 


2:12/2 


\ 2:22/2 


2^02/4 


2:32/1 


2:12/3 


2:42/0 / 




^2y4 


2:42/3 


212/2 


232/1 \ 






ZlVO 


2:32/4 


202/3 


222/2 






zoVi 


222/0 


242/4 


212/3 






zm 


212/1 


232/0 


202/4 




\ zm 


zsVs 


202/2 


222/1 


242/0 / 



Note that My{x)z — Ly{z)x. Then 

:= { detMj,(a;) = 0} C r^{x) 

and 

X'y:^{AeiLy{z):^Q}<Zf^{z) 

are Horrocks-Mumford quintics. Define a threefold Xj, in P^(a;) xP^(z) as a common 
partial resolution of My{x)z — 0. We ought to know the singularities of Xy. Let 
F+ := { 2/ : 2/1 - 2/4 = 2/2 - 2/3 = }. Given y G P^., the point (1:0:0:0:0) 
is a singular point over C of Xy if and only if one of the coordinates of y is zero. 
For y = (0 : 1 : -1 : -1 : 1 : 1), (0 : 2 : 3 ± 75 : 3 ± \/5 : 2), (2 : -1 : : : 
-1), (2 : ±75 -1:0:0: ±\/5 - 1) G P+, contains the Heisenberg orbits of 
(1 : : : : 0) and (1 : 1 : 1 : 1 : 1) as nodes over C. 

Proposition 2.23 (Lee [36l [33 |38]; (a) Let y = {0 : 1 : -1 : -1 : I), and 

write ^(o:i:-i:-i:i) = X for short. Then the Calabi-Yau threefold X obtained by 
crepant resolution of singularities has B3 — 6. Furthermore, 
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where V is 2-dimensional and associated to the modular form of weight 4 and level 
55, and H'^{S,Qi) is A- dimensional and is isomorphic to InclL^*^^^H^{E,Q^i>){—l) 
where E is an elliptic curve over coming from E over Q. 

(b) Let y ^ {2 : -1 : : : -1), and let X(-2:-i:0:0:-i) = X' for short. 
Then the Calabi-Yau threefold X' obtained by crepant resolution of singularities 
has = 4. Furthermore 

HliX, Q,) = V(S H\E2,Qi){-l) 

where V is the 2-dimensional Galois representation associated to the modular form 
of weight 4 of level 55, and H^{E2,Qi) is associated with the modular form of weight 
2 and level 550. Furthermore, the L-series of X is given, up to Euler factors at the 
primes of bad reduction, by 

L{X,s) = L{f,s)L{g,s-l) 

where f is the unique normalized cusp form of weight 4 and level 55 and g is the 
normalized cusp form of weight 2 and level 550. 

(c) Now consider a smooth (big) resolution X of the ['L/2'L)- quotient of the 
Schoen quintic Q : a;o + a:;f + a;2 + 0:3 + 2:4 — 5a;oa;iX2X3a;4 = 0. (There is the (Z/2Z)- 
action on Q induced by the involution on P"* defined by l[xo : xi : X2 ■ X3 : X4] — 
[xo : Xi : X3 : X2 ■ xi].) Then X is a Calabi~Yau threefold defined over Q with 
B3 — 4. The Calabi-Yau threefold X is modular, and up to Euler factors at primes 
of bad reduction at p = 2 and 5, L{X, s) is given by 

L{X,s)=L{f,3)L{g,s-l) 

where f is the unique normalized cusp form of weight 4 and level 25, and g is a 
weight 2 cusp form of level 50. 

A recent example due to Bini and van Geemen |2j , and Schiitt [57] is the Calabi- 
Yau threefold called Maschke's double octic, which arises as the double covering of 
P'^ branched along Maschke's surface S. The Maschke octic surface S is defined by 
the homogeneous equation 
3 

S ^^x^i +UY^ x^x^j + leSxlxfxlxl = C 

i—O i<j 

Now let X be the double cover of P'^ along S. This is a smooth Calabi-Yau 
threefold defined over Q. Let Y be the desingularization of the quotient of X by a 
suitable Hisenberg group. Then Y is also a smooth Calabi-Yau threefold defined 
over Q. The results of Bini and van Geemen, and Schiitt, are summarized in the 
following 

Proposition 2.24 (a) The Maschke double octic Calabi-Yau threefolds X 
is modular over Q. The thh-d cohomology group H^t{X,Qi) has BsiX) = 300. 
The Calois representation of H^f{X ,Qi) decomposes completely over Q{i) into 2- 
dimensional Galois representations which descend to Q, and the latter correspond 
to modular forms of weight 4, or modular forms of weight 2. 

(b) Let Y be the desingularization of X by a suitable Heisenberg group. Then 
Y is modular over Q. TJie third cohomology group H^t(Y,Qi,) has B^^Y) = 30. 
The Galois representation of iJf((y,Q^) decomposes completely over Q into 2- 
dimensional Galois representations, and the latter correspond to modular forms of 
weight 4 and modular forms of weight 2. 
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(c) The Maschke surface S has Picard number p{S) — 202. The second co- 
homology group H'^{S,'Qi) has B2{S) = 302. The Galois representation of the 
transcendental part has dimension 100, which splits into 2 or S-dimensional Galois 
sub-representations over Q, and the latter correspond to modular forms of weight 
3, or modular forms of weight 2. 

(2) Calabi Yau threefolds in the category (2), i.e, with irreducible Galois 
representations 

Consani-Scholten [7] constructed a Calabi- Yau threefold over Q as follows. 
Consider the Chebyshev polynomial 

P{y, z) = (y5 + z^) - 5yz{y^ + z^) + 5yz{y + z) + 5{y^ + ??) - 5{y + z) 

and define an affine variety X in by 

X : P{xi,X2) = P(a;3,a:4) 

and let X C be its projective closure. Then X has 120 ordinary double points. 
Let X be its small resolution. Then X is a Calabi- Yau threefold with h^-'^{X) — 141 
and /i^'^(X) = 1. X is defined over Q and the primes 2,3,5 are bad primes. 
i/'^(Y, Qf) gives rise to a 4-dimensional ^-adic Galois representation, p, which is 
irreducible over Q. Let F — Q(-\/5), and let A S F be a prime above £. Then 
the restriction p\QQ\(j^fp^ is reducible as a representation to GL{4,^ F\): There is a 

Galois representation a : Gal(Q/F) — > GL{2, F\) such that p — Ind'^CT. Consani- 
Scholten conjectured the modularity of X. 

Theorem 2.25 (Dieulefait-Pacetti-Schiitt |12| ) The Consani-Scholten Calabi- 
Yau threefold X over Q is Hilbert modular. That is, the L-series associated to a 
coincides with the L-series of a Hilbert modular newform f on F of weight (2,4) 
and conductor Cf = (30). 

The first example of Siegel modular varieties, as moduli spaces, of Calabi- Yau 
threefolds was given by van Geemen and Nygaard [2¥ . Recently, a series of articles 
by Freitag and Salvati Manni [12] on Siegel modular threefolds which admit Calabi- 
Yau models have appeared. The starting point is the van Geemen-Nygaard rigid 
Calabi- Yau threefold defined by a complete intersection Y of degree (2, 2, 2, 2) in 
by the equations: 

Yo^ = X^ + XI + Y| + XI 

v2 _ y2 v2 I v2 y2 

11 — Aq — A.^ + ^ ^3 

v2 _ y2 I y2 y2 y2 

12 — ^0 ' ^1 ^ ^2 ^ ^3 
v2 _ y2 y2 y2 I y2 

A smooth small resolution of Y , denoted by Y, is a Calabi- Yau threefold with 
h^'^{X) = 32 and h'^'^{X) = 0, so Y is rigid and hence is modular, indeed, the 
i-series of the Galois representation associated to H^{X, Qi) is determined by the 
unique weight 4 modular form on ro(8). 

Several examples of non-rigid Calabi- Yau threefolds Z are obtained by quoti- 
enting X by finite group actions. Many of the resulting varieties Z are Calabi- Yau 
threefolds with small third Betti number. 

Remark 2.26 For instance, Freitag-Salvati Manni has constructed such Calabi- 
Yau threefolds Z. The Galois representations associated to H'^{Z,Qi) of their 
Calabi- Yau threefolds Z should be studied in detail. They should decompose into 
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direct sum of those coming from the rigid Calabi- Yau threefold X, and those com- 
ing from elliptic surfaces or surfaces of higher genus arising from fixed points of 
finite groups in question. 

In particular, this would imply that proper Siegel modular forms will not arise 
from these examples. So far as I know, we do not have examples of Calabi- Yau 
thrcefolds over Q with B^{X) — 4 whose L{X, s) comes from a Siegel modular form 
on Sp4^{'L) or its subgroups of finite index. 

(3) Calabi Yau threefolds of CM type 

We next consider Calabi- Yau threefolds which we will show to be of CM type. 
Then the Galois sub-representations associated to the third cohomology groups are 
induced by one-dimensional ones. Then, by applying the automorphic induction 
process, we will establish the automorphy of Calabi- Yau threefolds. These Calabi- 
Yau threefolds are realized as quotients of products of K3 surfaces and elliptic 
curves by some automorphisms. Rohde [53], Garbagnati-van Geemen [3T], and 
Goto-Livne-Yui [53] produce examples of CM type Calabi- Yau threefolds with 
this approach. 

Let 5 be a K3 surface with an involution a acting on H^^^{S) by —1 discussed in 
subsection 2.2. Let E be an elliptic curve with the standard involution t. Consider 
the quotient of the product E x S/ l x a. This is a singular Calabi- Yau threefold 
having only cyclic quotient singularities. Resolving singularities we obtain a smooth 
crepant resolution X. Since the invariants of X are determined by a triplet of 
integers (r, a, 5) associated to 5, we will write X as X(r, a, 5). The Hodge numbers 
and the Euler characteristic of X depend only on r and a: 

h^^^{X) = 5 + 3r - 2a, h^''^{X) = 65 - 3r - 2a 

and 

e{X) = 2{h^^HX) - h^'^X)) = 6(r - 10). 

Theorem 2.27 (Goto-Livne-Yui [23] j Let (5, cr) he one of the K3 surfaces 
defined over Q in Theorem 2. 9. Let E he an elliptic curve over Q with the standard 
involution l. Let X = X(r, a, 5) he a smooth Calahi-Yau threefold. Then the 
following assertions hold: 

(1) X is of CM type if and only if E is of CM type. 

(2) If X is of CM type, then the Jacobian variety J{Cg) of Cg in S"^ is also of 
CM type, provided that the K3 surface component is of the form = f{xi,X2,x^) 
with involution o{xq) = —Xq. 

(3) X is modular (automorphic). 

Sketch of Proof: (1) The Hodge structure hx of type (3, 0) of X is given by the 
tensor product hs ® He of the Hodge structures hs of type (2,0) and hs of type 
(1, 0). Then hx is of CM type if and only if both hs and hs are of CM type. Since 
S is already of CM type, we only need to require that E is of CM type. 

(2) When the K3 surface is defined by a hypersurface of the form = f{xi,X2,xz) 
and the involution a takes xg to — Xq, then the curve Cg in the fixed locus S'^ is ob- 
tained by putting xg = 0, and hence it is also of Delsarte type. Hence the Jacobian 
variety J{Cg) of Cg is also of CM type. 

When the hypersurface defining the K3 surface is not of the above form and 
the involution is more complicated, we ought to check each case whether Cg is of 
Delsarte type or not. 
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(3) S is modular by Theorem 2.11, and E is modular by Wiles et al. Hence X 
is modular (automorphic) . 

Now we will discuss mirror Calabi-Yau threefolds oi X ~ X{r, a, S). 

Proposition 2.28 (Borcea J4| and Voisin '6T ) Given a Calabi-Yau threefold 
X — X(r,a,S), there is a mirror Calabi-Yau threefold X'^ such that is realized 
as a crepant resolution of a quotient of E x S/l x a and X"^ is characterized by the 
invariants (20 — r, a, (5). The Hodge numbers of X^ are 

h^'^iX'') = 5 + 3(20 - r) - 2a = 65 - 3r - 2a = h^'^{X), 

h^-^iX'') 65 - 3(20 - r) - 2a = 5 + 3r - 2a = h^^^{X) 

and the Euler characteristic is 

eiX"") = -12(r - 10) = -e{X). 

In terms of g and k, r — 11 — g + fc, a ~ 11 — g — fc, and 

h^'\X) = 1 + r + 4(fc + 1), h^'\X) = 1 + (20 - r) + 4g 

and the Euler characteristic is e{X) = 12(1 + k — g). 

Remark 2.29 Mirror symmetry of Calabi-Yau threefolds of K3 x do come 
from mirror symmetry of K3 surfaces. Mirror symmetry for K3 surfaces is the 
correspondence r o (20 — r). In fact, one can see this in Figure 1: Nikulin's 
pyramid. Given a K3 surface S, we try to look for a mirror K3 surface S'^ satisfying 
this correspondence. This correspondence is established at a special CM point in 
the moduli space. 

We know that the 95 families of K3 surfaces of Reid and Yonemura are not 
closed under mirror symmetry. Only 54 families of K3 surfaces with involution 
have mirror partners within the 95 families. 

A recent article of Artebani-Boissiere-Sarti [T] also considers this type of mirror 
symmetry for K3 surfaces. 

Proposition 2.30 For a mirror X"^ , the assertion is true if the mirror K3 
surface is also of Delsarte type. 

Proposition 2.31 Let {S, <t) be one of the 86 families of K3 surfaces with 
involution a. Let X = X{r, a, S) and A"^ = A(20 — r, a, S) be mirror pairs of Calabi- 
Yau threefolds defined over Q, where we suppose that the K3 surface component is 
of Delsarte type. Then X and A^ have the same properties: 

• X is of CM type if and only if X^ is of CM type, and 

• X is modular if and only if A^ is modular. 

Rohde Garbagnati and van Geemen 21 and Garbagnati [20] constructed 
Calabi-Yau threefolds which are quotients of the products of K3 surfaces and elliptic 
curves by non-symplectic automorphisms of higher order (than 2), that is, order 3, 
or order 4. These Calabi-Yau threefolds are parametrized by Shimura varieties. 

Rohde [53] constructed families of Calabi-Yau threefolds as the desingulariza- 
tion of the quotient S* x E' by an automorphism of order 3 where E is the unique 
elliptic curve with an automorphism ue of order 3, and S' is a K3 surface with an 
automorphism as of order 3 which fixes k rational curves and fc + 3 isolated points 
for some integer fc, < fc < 6. 
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Let ^ be a primitive cube root of unity. Choose the specific elhptic curve: 
E = C/Z+^Z, which has a Weierstrass model = a;'^ — 1 and as ■ {x, y) ^ (^a;, y). 
Also choose some specific K3 surface S. Let 

S^Sf:Y^^X^ + f{tf, f = gh^ deg(/) = 6 

where t is the coordinate on P^, and / has four distinct zeros. Sf has an automor- 
phism of order 3: a/ : {X,Y,t) i->- {£_X,Y,t). Now define a Calabi- Yau threefold 
Xf as the desingularization of Sf x E hy the automorphism a := af x aE- Note 
that Sf is birationally isomorphic to (C/ x E)/{(3f x ue) where Cf : — f{t) and 
Pf : Cf ^ Cf, {t,v) H> {t,£^v). Then Xf is birationally isomorphic to 

{Cf X E X E)/H where =< /?/ x a^; x 1^;, Icj. x x > . 

Rohde [S3j worked out the case deg{g) — deg{h) — 2. Garbagnati-van Geemen 
pi] considered the other cases, i.e., deg(g) = 4, deg(ft) = 1 and deg(5) — 6, deg{h) — 
0. The Hodge numbers of the Calabi- Yau threefold Xf are computed and the results 
are tabulated as follows: 



deg(g) 


deg{h) 


9{Cf) 


h'''{Xf) 


h'''{Xf) 


k 


6 





4 


3 


51 


3 


4 


1 


3 


2 


62 


4 


2 


2 


2 


1 


73 


5 





3 


1 





84 


6 



For fc > 2, the Calabi- Yau threefold is constructed by considering the curve 
Ce = i{t), deg(^) — 12 such that £{t) has five double zeros. It has the order 3 
automorphism : (t, v) i-^ (t, £,v). The quotient {Cg x E)/{f3e x as) is a K3 surface 
S^ which has the elliptic fibration with Weierstrass equation = X^ + £{t). Then 
the desingularization of (5^ x E)/{ai x ue) is a Calabi- Yau threefold Xi with 
K^'^iXi) ^ 4 and h^'^iXi) = 40. 

Similarly, for fc = 1, one can find a Calabi- Yau threefold X with h'^'^{X) — 5 
and /ii'i(X) = 29. 

For details of these two cases, see Garbagnati-van Geemen [21] or Rohde [53] . 
We summarize the above discussion in the following form. 

Proposition 2.32 The Calabi~Yau threefold Xf (resp. Xg) constructed above 
is of CM type if and only if the Jacobian variety J{Cf) (resp. J{Cf)) is of CM 
type. In this case, Xf (resp. Xg) is modular (automorphic). 

We will also mention results of Garbagnati [20], which generalize the method 
of Garbagnati-van Geemen [211 to automorphisms of order 4. In order to construct 
Calabi- Yau threefolds with a non-symplectic automorphism of order 4, start with 
the hyperelliptic curves 

C/g : = tfg{t^), deg(/g) = g, fg without multiple roots. 

C/g has the automorphism ac ■ {t,z) i-^ {—r,iz). We consider the cases g — 2 or 
3. Let Ei : v"^ = u{u'^ + 1) be the elliptic curve and let aE '■ iu,v) i-> {—u,iv) be 
the autmorphism of Ei. Now take the quotient of the product Ei x Cf^/aE x ac- 
Then the singularities are of A-D-E type, and the desingularization defines a K3 
surface, 5/^, with the automorphism as '■ {x,y,s) i— {—x,iy,s). In fact, there 
is the elliptic fibration 8 : y^ = x^ + xsfg{s)'^ and the map tt : Ei x Cf^ — > £ 
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defined by {{u,v); {z,t)) i— )■ {x := uz'^,y := vz^,s :— t^) is the quotient map 
Ei X Cf — )■ {Ei X Cf )/aE X ac- The K3 surface Sf thus obtained has large 
Picard number. Indeed, rank(rs/g ) < 4 if 5 = 2 and < 6 if g = 3. Also, 5"/^ admits 
the order 4 non-symplectic automorphism as, and the fixed loci of as and of 
contain no curves of genus > 0. The K3 surface {Sf , Q!|.) with involution indeed 
corresponds to the triplet (18, 4, 1) for g = 2 and (16, 6, 1) for 5 = 3. 

Once we have a family of K3 surfaces with non-symplectic automorphism as 
of order 4, we can construct a family of Calabi-Yau threefolds as the quotient of 
the product of Sf^ with the elliptic curve Ei. 

Proposition 2.33 (Garbagnati [20 ) There is a desingularization Yf^ of 
(Ei X Sf^)/{a'^ X as) which is a smooth C'alabi~Yau threefold with 




1 «/g = 2 

2 ifg = i' 

Proposition 2.34 The Calabi-Yau threefold Yf^ is of CM type if and only if the 
Jacobian variety J{Cf^ ) is of CM type. When it is of CM type, Yf^ is automorphic. 



3 The modularity of mirror maps of Calabi Yau varieties, and mirror 

moonshine 

• Modularity of solutions of Picard Fuchs differential equations 

Let n e N and let Af„ := U2 © {-Es)^<3) < -2n > be a lattice of rank 19. Here 
U2 is the usual hyperbolic lattice of rank 2 and —Eg is the unique negative-definite 
unimodular lattice of rank 8, and < — 2n > denotes the rank 1 lattice Zw with its 
bilinear form determined hy < v,v >= — 2n. We consider a one-parameter family 
of M„ polarized K3 surfaces Xt over Q with generic Picard number p{Xt) — 19. 
Here by a M„-polarized K3 surfaces, we mean K3 surfaces Xt such that T{Xt) is 
primitively embedded into U2 © Zu where u is a vector of height 2n, n g N. The 
Picard-Fuchs differential equation of Xt is of order 3. It is shown by Doran [15] 
that for such a family of K3 surfaces Xt , there is a family of elliptic curves Et such 
that the order 3 Picard-Fuchs differential equation of Xt is the symmetric square 
of the order 2 differential equation associated to the family of elliptic curves Et. 
The existence of such a relation stems from the so-called Shioda-Inose structures 
of Xt (or by Dolgachev's result [T4| which asserts that the coarse moduli space of 
M„-polarized K3 surfaces is isomorphic to the moduli space of elliptic curves with 
level n structure) . Long |43] gave an algorithm how to determine a family of elliptic 
curves Et, up to projective equivalence. 

Yang and Yui ^64j studied differential equations satisfied by modular forms of 
two variables associated to Pi x r2 where Pi (i = 1, 2) are genus zero subgroups of 
SL{2, M) commensurable with SL{2, Z). A motivation is to realize these differential 
equations satisfied by modular forms of two variables as Picard-Fuchs differential 
equations of K3 families with large Picard numbers, e.g., 19, 18, 17 or 16, thereby 
establishing the modularity of solutions of Picard-Fuchs differential equations. This 
goal was achieved for some of the families of K3 surfaces studied by Lian and Yau 
in BO]- 

• Monodromy of Picard— Fiichs differential equations of certain fam- 
ilies of Calabi Yau threefolds 
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Classically, it is known that the monodromy groups of Picard-Fuchs differential 
equations for families of elliptic curves and K3 surfaces are congruence subgroups of 
SL{2, R). This modularity property of the monodromy groups ought to be extended 
to families of Calabi- Yau threefolds. For this, we will study the monodromy groups 
of Picard-Fuchs differential equations associated with one-parameter families of 
Calabi- Yau threefolds. In Chen- Yang- Yui 8 they considered 14 Picard-Fuchs 
differential equations of order 4 of hypergeometric type. They are of the form 

6'^ - Cz{9 + A){9 + 1 - A){e + B){e + lOB) 

where A,B,C € Q. 

Theorem 3.1 In these 14 hypergeometric cases, the matrix representations of 
the monodromy groups relative to the Frobenius basis can be expressed in terms 
of the geometric invariants of the underlying Calabi-Yau threefolds. Here the geo- 
metric invariants are the degree d, the second Chern numbers, C2 • H and the Euler 
number, C3. 

Furthermore, under suitable change of basis, the monodromy groups are con- 
tained in certain congruence subgroups of S'p(4, Z) of finite index (in 5p(4, Z) j and 
whose levels are related only to the geometric invariants. 

However, finiteness of the index of the monodromy groups themselves in 5*^(4, Z) 
is not established. 

Using the same idea for the hypergeometric cases, the monodromy groups of the 
differential equations of Calabi-Yau type that have at least one conifold singularity 
(not of the hypergeometric type) are computed. Our calculations verify numerically 
that if the differential equations come from geometry, then the monodromy groups 
are also contained in some congruence subgroups of 5*^(4, Z). 

We should mention that van Enckevort and van Straten |60j numerically de- 
termined the monodromy for 178 Calabi-Yau equations of order 4 with a different 
method from ours, and speculated that these equations do come from geometry. 

• Modularity of mirror maps and mirror moonshine 

For a family of elliptic curves = a::(a;—l)(x — A), the periods ^ ^ '^^^^ 

satisfy the Picard-Fuchs differential equation 

The monodromy group for this Picard-Fuchs differential equation is r(2) C SL{2, R) 
of finite index. The periods can be expressed in terms of the hypergeometric func- 
tion 

2F,(i,i;l;A). 

Now suppose that yo{X) = is the unique holomorphic solution at A = 

and ?/i(A) — A?/o(A) -I- 5(A) be the solution with logarithmic singularity. Set 
z = ?/i(A)/?/o(A). Then A, as a function of z, becomes a modular function for the 
modular group r(2). This is called a mirror map of the elliptic curve family. That a 
mirror map is a Hauptmodul for a genus zero subgroup r(2) C 5^(2, K) is referred 
to as mirror moonshine. 

For one-parameter families of K3 surfaces of generic Picard number 19, the 
Picard-Fuchs differential equations are of order 3. Since such families of K3 surfaces 
are equipped with Shioda-Inosc structure (cf. Morrison [48 ), the Picard-Fuchs 
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differential equations are symmetric squares of differential equations of order 2. 
Hence the monodromy groups are realized as subgroups of SL{2,R). 

Classically, explicit period and mirror maps for the quartic K3 surface have 
been described by several articles, e.g., Hartmann |27] (and also see Lian and Yau 
|44| . Consider the deformation of the Fermat quartic: Ft := {xq + xf + X2 + 
a:| — 41x0X1X2X3 = 0} C P"^. Taking the quotient of Ft by some finite group and 
then resolving singularities, we obtain the Dwork pencil of K3 surfaces, denoted by 
Xt- Then Xt is a K3 surface with generic Picard number 19. The Picard-Fuchs 
differential equation is of order 3 and there is a unique holomorphic solution (at 
t 0) of the form wq (t) ~ 1 + J2n> 1 Cn^" , and another solution of logarithmic type: 

wi{z) — logu)o(i) + X)n>i dnt^- Now introduce the new variable z by z := ^ Zlft) ' 
and put q ~ e^"^- . The inverse t = t{q) is the mirror map and is given by 

t{q) =q- 10V + 644V - 311744g'* + 13018830g5 + • • • 

This is the reciprocal of the Hauptmodul for ro(2)+ C SL{2,M.). 

There are several more examples of one-parameter families of K3 surfaces with 
generic Picard nubmer 19. Doran [15] has established the modularity of the mirror 
map for M„-polarized K3 surfaces. However, for each n, the explicit description of 
mirror maps as modular functions are still to be worked out. 

The situation will get more much complicated when we consider two-parameter 
families of K3 surfaces. Hashimoto and Terasoma [5S] have studied the period and 
mirror maps of the two-parameter (in fact, projective 1-parameter) family {Xt} 
t — {to,ti) E of quartic family of K3 surfaces defined by 

Xt:xi-\ l-a;5 = io(xf H l-xfj+tiixj H h 2:5)^ = 

in P"' with homogeneous coordinates (xi : • • • : x^). This family admits a symplec- 
tic group action by the symmetric group S5. The Picard number of a generic fiber 
is equal to 19, and the Cram matrix of the transcendental lattice T is given by 
/4 1 \ 

14 . The image of the period map of this family is a 1-dimensional 
\ -20 / 

subdomain fiy of the 19-dimensional period domain (the bounded symmetric do- 
main of type IV). Let fl^ be a connected component of fir- Since 0{T) has no 
cusp, there is a modular embedding i : H2 to the Siegel upper half-plane 

H2 of genus 2. This modular embedding is constructed using the Kuga-Satake 
construction. The inverse of the period map, that is, a mirror map, is constructed 
using automorphic forms of one variable on il^. In fact, automorphic forms are 
constructed as the pull-backs of the fourth power of theta constants of genus 2. 
This gives yet another example of a generalized mirror moonshine. 

For a one-parameter family of Calabi~Yau threefolds, the mirror map is defined 
using specific solutions of the Picard-Fuchs differential equation of the family. At a 
point of maximal unipotent monodromy (e.g., z — 0), there is a unique holomorphic 
power series solution ijOq{z) with a;o(0) = 1, and a logarithmic power series solution 
a;i(z) = \o%{z)uiQ(z) + gi^z) where g(z) is holomorphic near z = with 5(0) = 0. 
Now put t := We call the map defined by q := g^Tnt _ ^^g(z)/ujo{z) -j-j^g mirror 

map of the Calabi-Yau family. (See, for instance, Lian and Yau [H]). 
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For some one-parameter families of Calabi- Yau threefolds, e.g., of hypergeomet- 
ric type, the integrality of the mirror maps has been established by Krattenthaler 
and Rivoal [35], [34] . 

The modularity of mirror maps of Calabi- Yau families is getting harder to 
deal with in general. Doran [15! has considered certain one-parameter families of 
Calabi- Yau threefolds with h^'^ — 1. The Picard-Fuchs differential equations of 
these Calabi- Yau threefolds are of order 4. Under some some special constraints 
imposed by special geometry, and some conditions about a point z = of maximal 
unipotent monodromy, there is a set of fundamental solutions (to the Picard-Fuchs 
differential equation) of the form {u, u ■ t,u ■ F' , {tF' — 2F)} where u — u{z) is the 
fundamental solution locally holomorphic at z = 0, t = t{z) is the mirror map, 
F{z) is the prepotential and F' is the derivative of F with respect to z. When 
there are no instanton corrections, the Picard-Fuchs differential equation becomes 
the symmetric cube of some second-order differential equation. In this case, Doran 
has shown that the mirror map becomes automorphic. However, exhibiting auto- 
morphic forms explicitly remains an open problem. On the other hand, if there are 
instanton corrections, a necessary and sufficient condition is presented for a mirror 
map to be automorphic. 

We should mention here a converse approach to the modularity question of 
solutions of Picard-Fuchs differential equations, along the line of investigation by 
Yang and Yui [64| . The starting point is modular forms and the differential equa- 
tions satisfied by them. It may happen that these differential equations coincide 
with Picard-Fuchs differential equations of some families of Calabi- Yau varieties. 
Consequently, the modularity of solutions of Picard-Fuchs differential equations 
and mirror maps can be established. 

4 The modularity of generating functions of counting some quantities 

on Calabi Yau varieties 

Under this subtitle, topics included are enumerative geometry, Groniov-Witten 
invariants, and various invariants counting some mathematical/physical quantities, 
etc. 

• Mirror symmetry for elliptic curves and quasimodular forms 
We consider the generating function, Fg (q) , counting simply ramified covers of 
genus g > I over a fixed elliptic curve with 2g — 2 marked points. 

Theorem 4.1 For each g > 2, Fg{q) (with q — e^"^" , t £ ^}), is a quasimodular 
form of weight 6g — 6 on T — SL2{'^). Consequently, Fg{q) is a polynomial in 
f[^[E2,Ei,Ee] of weight 65-6. 

This result is stated as the Fermion Theorem in Dijkgraaf [13] . which is con- 
cerned with the ^-model side of mirror symmetry for elliptic curves. A mathemati- 
cally rigorous proof was given in the article of Roth- Yui [55] . The B-model (bosonic) 
counting constitutes the mirror side of the calculation. The bosonic counting will 
involve calculation with Feynman integrals of trivalent graphs. A mathematical 
rigorous treatment of the B-model counting is currently under way. 

Further generalizations: 

(a) The generaiting function of m-simple covers for any integer m > 2 of genus 
(7 > 1 over a fixed elliptic curve with 2g — 2 marked points has been shown again 
to be quasimodular forms by Ochiai [51] . 
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(b) The quasimodularity of the Gromov-Witten invariants for the three elhptic 
orbifolds with simple elhptic singularities En {N = 6, 7, 8) has been established 
by Milanov and Ruan ^T]. These elliptic orbifolds are realized as quotients of 
hypersurfaces of degree 3,4 and 6 in weighted projective 2-spaces with weights 
(1, 1, 1), (1, 2, 2) and (1, 2, 3), respectively. 

(c) The recent article of Rose [54] has proved the quasimodularity of the gen- 
erating function for the number of hyperelliptic curves (up to translation) on a 
polarized abelian surface. 

5 Future Prospects 

Here we collect some topics which we are not able to cover in this paper as well 
some problems for further investigation. 

5.1 The potential modularity. The potential modularity of families of hy- 
persurfaces. For the Dwork families of one-parameter hypersurfaces, the potential 
modularity has been established by R. Taylor and his collaborators. Extend the po- 
tential modularity to more general Calabi-Yau hypersurfaces, Calabi-Yau complete 
intersections, etc. 

5.2 The modularity of moduli of families of Calabi Yau varieties. 

Moduli spaces of lattice polarized K3 surfaces with large Picard number. 

5.3 Congruences, formal groups. Congruences for Calabi-Yau families, 
formal groups. 

5.4 The Griffiths Intermediate Jacobians of Calabi Yau threefolds. 

• Explicit description of the Griffiths intermediate Jacobians and their modularity. 
Let X be a Calabi-Yau threefold defined over Q. Let 

J^{X) ~ H^{X,C)/F^H^{X,C) + H^{X, Z) ~ H^{X,Cy /H^iX^Z) 

be the Griffiths intermediate Jacobian of X. There is the Abel-Jacobi map 

A part of the Beilinson-Bloch conjecture asserts that this map is injective modulo 
torsion. 

Now suppose that X is rigid. Then J'^(X) is a complex torus of dimension 1 
so that there is an elliptic curve E such that J'^{X) ~ E{C). We know that X is 
modular by |26j . 

Question: Is it true that the GrifEths intermediate Jacobian J'^{X) of a rigid 
Calabi-Yau threefold X over Q is defined over Q and hence modular? 

• Special values of L-series of Calabi-Yau threefolds over Q. 
Assuming a positive answer to the above question, we can consider a possible 
relation between the Birch and Swinnerton-Dyer conjecture for rational points on 

rankz J2(X)q(Q) = ord,=iL( J2(X)q, s) 
and the Beilinson-Bloch conjecture on the Chow group CH'^{X)q of X: 

TankzCH^{X)horn,Q = 0Tds=2L{XQ, s). 
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If the Abel-Jacobi map CH'^{X)fiom,Q H'^{X)q is injective modulo torsion, 
then 

0Tds=2L{XQ, s) < OTds=iL{J^{X)Q,s). 

5.5 Geometric realization problem (The converse problem). We know 
that every singular K3 surface X over Q is motivically modular in the sense that 
the transcendental cycles T{X) corresponds to a newform of weight 3. For singular 
K3 surfaces over Q, the converse problem asks: 

Which newform of weight 3 with integral Fourier coefficients would correspond 
to a singular K3 surface defined over Q ? 

This has been answered by Elkies and Schiitt IJE\ (see also the article by Schiitt 
[5 8) in this volume). Their result is the following theorem. 

Theorem 5.1 Every Hecke eigenform of weight 3 with eigenvalues in Z is 
associated to a singular K3 surface defined over Q. 

Now we know that every rigid Calabi- Yau threefold over Q is modular (see 
Gouvea-Yui [26]). The converse problem that has been raised, independently, by 
Mazur and van Straten is the so-called geometric realization problem, and is stated 
as follows: 

Which newforms of weight 4 on some ro(A^) with integral Fourier coefEcients 
would arise from rigid Calabi-Yau threefolds over Q ? Do all such forms arise from 
rigid Calabi-Yau threefolds over Q? 

For Calabi-Yau threefolds, a very weak version of the above problem has been 
addressed in Gouvea-Kiming-Yui |25j . 

Question: Given a rigid Calabi-Yau threefold X over Q and a newform f of 
weight 4, for any non-square rational number d, there is a twist fd by the quadratic 
character corresponding to the quadratic extension Q{^/d)/Q. Does fd arise from 
a rigid Calabi-Yau threefold Xd over Q? 

A result of Gouvea~Kiming-Yui [251 in this volume is that the answer is positive 
if a Calabi-Yau threefold has an anti-symplectic involution. Let X be a rigid 
Calabi-Yau threefold over Q. For a square-free d , let K :— Q{^/d) and let a 
be the non-trivial automorphism of K. We say that a rigid Calabi-Yau threefold 
Xd defined over Q is a twist of X by d if there is an involution l of X which acts 
by —1 on H^^{X ,Qe), and an isomorphism 9 : {Xd)K — Xk defined over K such 
that 9" o9-^ = L. 

Proposition 5.2 Let X be a rigid Calabi-Yau threefold over Q and let f be 
the newform of weight 4 attached to X. Then, if Xd is twist by d of X, the newform 
attached to Xd is fd, the twist of d by the Dirichlet character x corresponding to 
K. 

Various types of modular forms have appeared in the physics literature. We 
wish to understand "conceptually" why modular forms play such pivotal roles in 
physics. Here we list some of the modular appearances in the physics literature. 

5.6 Modular forms and Gromov Witten invariants. Modular (auto- 
morphic) forms and Gromov- Witten invariants and generalized invariants. 
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5.7 Automorphic black hole entropy. This has something to do with Con- 
formal Field Theory. Mathematically, mock modular forms, Jacobi forms etc. will 
come into the picture. This is beyond the scope of this article. 

5.8 Af24-moonshine. Recently, some close relations between the elliptic genus 
of K3 surfaces and the Mathieu group M24 along the line of moonshine have been 
observed in the physics literature, e.g., [16], [17]. It has been observed that mul- 
tiplicities of the non-BPS representations are given by the sum of dimensions of 
irreducible representations of M24 and furthermore, they coincide with Fourier co- 
efficients of a certain mock theta function. 



6 Appendix 

In this appendix, we will recall modular forms of various kinds, e.g., classical 
modular forms, quasimodular forms, Hilbert modular forms, Siegel modular forms, 
and most generally, automorphic forms, which are relevant to our discussions. For 
details, the reader is referred to 5 . 

Definition 6.1 Dimension 1: Let := {z G C | Im(z) > 0} be the complex 
upper-half plane. For a given integer > 0, let 

ro(A^)=:|(" ^ ) e S'L(2, Z) I c EEE mod 



c 



be a congruence subgroup of S'L(2,Z) (of finite index). A modular form of weight 
k and level A'^ is a holomorphic function / : —> C with the following properties: 



(Ml) For J) e ro(A^), / (ff±^) = {cz + dff{z)- 



(M2) / is holomorphic at the cusps. 

Since e ro(A^), (al) implies that f{z + 1) = f{z), so / has the Fourier 

expansion f{z) ~ f{q) — X],i>o c.{'^)<f^ with q = e^'^'^. / is a cusp form if it vanishes 
at all cusps. 

If X is a mod N Dirichlet character, we can define a modular form with character 
X by replacing (al) by / (ffi^) - x{d){cz + dff{z). 

The space SkiXo{N)) of all cusp forms of weight k and level is a finite 
dimensional vector space, and similarly, so also is the space Mk{Ti^{N),x) of all 
modular forms of weight k and level A^. 

On S'fe(ro(A^), x) there are Hecke operators Tp for every prime p not dividing 
A^. A cusp form / is a (normalized) Hecke eigenform if it is an eigenvector for all 
Tp, that is, Tp{f) = c{p)f. For such a normalized eigenform /, define the i-series 
Lif,s) by 

L(/, s) = X] = n I ^ c(p)p-^ I x{p)p'-'-'' ^^^^ ^ ° ^'^ 



Dimension 2: Let F — Q(^/d) be a totally quadratic field over Q where d > 
and square-free, and let Op be its ring of integers. The SL2{Of) can be embedded 
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into SL2{M.) X SL2{R) via the two real embeddings of F to M, and it acts on Jo x 
via fractional linear transformations: 

b\ f azi + b az2 + 



dj \czi + CZ2 + d 
for z — (zi, Z2) G -^1 X i^. The group 

T{Of ® a) = I d) ^ SL2{F),a, d £ Of, ba-\ cea 

is called the Hilbert modular group corresponding to a fractional ideal a of F. If 
a = Of, put Tf = r(C'F © Of) ^ SL2{Of). Let T c SL2{F) be a subgroup 
commensurable with F^, and let (fci, ^2) G Z x Z. 

A meromorphic function / : x Jj — >■ C is called a meromorphic Hilbert modular 
form of weight (fci, fc2) for F if 

/(7z) = (czi + d)'=nc^2 + rff ^/W 

for all 7 = e F and z = (zi,Z2) G If / is holomorphic, then / is 

a holomorphic Hilbert modular form, and a holomorphic Hilbert modular form is 
symmetric if /(zi, Z2) = f{z2, zi). Further, / is a cusp form if it vanishes at cusps 
of F. A cusp form of weight (2, 2) is identified with a holomorphic 2-form on the 
Hilbert modular surface io^/F. The space of holomoprhic Hilbert modular forms of 
weight (^1,^2) for F is denoted by Mfc(F) and the cusp forms by S'fc(F). Affe(F) is 
a finite dimensional vector space over C. 

A holomorphic Hilbert modular form has a Fourier expansion at 00 of the 
following form. Let M C be a rank 2 lattice and V C 0*p be a finite index 
subgroup acting on M in a suitable way. Then 

/(z) = ao + 

where v runs over the dual lattice M^, and tr(i'z) :— vzi + v'z2. 
The L-series of a Hilbert modular cusp form is defined by 

^ a(a)7V(a)-^ 

aCOp 

where a runs over principal ideals. For details, the reader should consult Bruinier 

Dimension 3: Let g,N G N. Define the Siegel upper-half plane by 

<Og:^{ze Mg^g{C) \z'^z, Im(z > } , 

and the symplectic group 5p(2g,Z) as the automorphism group of the symplectic 
lattice Z^s. That is, 

Sp{2g, Z) = { 7 e GL{2g, Z) | 7* J7 - J} 
where Jg ■— j • The group Sp{2g, Z) acts on Sjg by 

z^j{z)^{Az + B){Cz + D)-^ for 7 - (^^ ^ e Sp{2g,Z). 

Let Fg(A^) := {7 e Sp{2g, Z) | 7 = hg (mod A^) } be a subgroup of Sp{2g, Z). Then 
Fg(A^) acts freely when A^ > 3. Here l2g is the identity matrix of order 2g. If 
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TV = 1, Tgil) = Sp{2g, Z). The quotient space ^jg/Tg{N) (with > 3) is a complex 
manifold of dimension g{g + l)/2 (associated to a graded algebra of modular forms). 

A holomorphic function / : S)^ — > C is a Siegel modular form of genus g, weight 
/fc e N if 

f{^{z)) = dei{Cz + Dff{z) 

for all 7 = e Sp{2g,Z) an d all z e Sjg. The space of all holomorphic 

Siegel modular forms is a finitely generated graded algebra. The simplest examples 
of Siegel modular forms are given by theta constants. 

A holomorphic Siegel modular form / has a Fourier expansion of the form 

/(z) = 5]A(n)e2'^t'^(-) 

where the sum runs over all positive semi-definite integral matrices n € GL(g,Q). 
If the Fourier expansion is supported only on positive definite integral gx g matrices 
n, then / is called a cusp form. 

There are at least two different L-series of a holomorphic Siegel modular form 
/: one is the spinor L-series, and the other is the standard L-series. 

However, it is not clear how to associate these L-series to the Fourier expansion. 

For details, the reader should consult van der Geer [35]. 

Example 6.2 (a) For iV = 1, the total space M := ®feMfc(5i(2, Z)), of ah 
modular forms is generated by the Eisenstein series and Eq. The Eisenstein 
series E2 is not modular but it may be called quasimodular. The space M of all 
quasimodular forms for SL{2,'Z) is generated by the Eisenstein series £^2, £'4 and 
Eg, that is, M = €[£'2, £'4, L^e]- 

For > 1, the space of modular forms of weight k for any congruence subgroup 
of level N is finite dimensional, and its basis can be determined. 

Some properties of quasimodular forms for finite index subgroups of (^), 
dimension, basis, etc. 

(b) There are Eisenstein series for F^? = SL2{Of) and k even given by 

Gk.B=N{hf Yl N{cz + d)-'' 
(c,d)eo-\fa2 

for B an ideal class of F. 

If wc put gk := ^y"(fc) Gk,OF ; then 32,56 and 510 generate the graded algebra 
M2^^™'"(rj.) over C, that is, ' 

M2^l""'"(rf^)-C[.g2,.96,5io]. 

(c) (Igusa) For g — 2, the graded algebra DJl of classical Siegel modular forms 
of genus 2 is generated by the Eisenstein series E4 and Eq, the Igusa cusp forms 
Cio, C12, and C35 (where the subindex denote weights), and 

971 - C[£4, Ee, Cio, C12, C35]/(C|5 = ^(£4, ^6, ^10,^12)) 

where P is an explicit polynomial. 
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